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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability

Theorem (Bolzano)

If a function f : [—L, L] — R is continuous and such that
f(-L)<0 and f(L) >0

then there exist at least one point x. € [—L, L] such that f(x.) = 0.
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Theorem (Bolzano)

If a function f : [—L, L] — R is continuous and such that
f(-L)<0 and f(L) >0

then there exist at least one point x. € [—L, L] such that f(x.) = 0.

This theorem was first stated by Bernard Bolzano (1781 — 1848) in 1817
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f:R"—=R"
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f(x) =0 J

f:R"—=R"

In 1940 Carlo Miranda (1912 —1982) proved the following theorem announced
by Poincaré in 1883
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f(x) =0 J

f:R"—=R"

In 1940 Carlo Miranda (1912 —1982) proved the following theorem announced
by Poincaré in 1883

|

Theorem (Poincaré-Miranda 1)

Let Q :=[—L, L] x ... x [-L, L] where L > 0 is a fixed number, be an interval
in R". If a continuous function f = (fi, ..., fx) : @ — R" is such that for any
i=1,...,n

fi(x) >0 foreach x € Q = {x=(x1,...,%) € Q; xi = —L},
) <0

fi(x for each x € Q' := {x = (x1,...,xa) € Q; xi = L}

then there exist at least one point x. € Q such that f(x.) = 0.
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability ample

R =R xRx...
@ natural algebraic operations

o the classical Tikhonov topology 7.
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R =R xRx...
@ natural algebraic operations

o the classical Tikhonov topology 7.

Convergence of a sequence
() nen

©) in the space R means that

to a point z

for any i € N.

12/57



The Poincaré-Miranda Theorem Nonlinear reg ve process Controllability

Let
Q:=[-L L] x[-L, L] x ..

where L > 0 is a fixed number, be an interval in R.
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Let
Q:=[-L L] x[-L, L] x ..

where L > 0 is a fixed number, be an interval in R.
Q is convex and compact in R.
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Let
Q:=[-L L] x[-L L] x ...

where L > 0 is a fixed number, be an interval in R.
Q is convex and compact in R.

Theorem (Poincaré-Miranda I1)

If a continuous function f = (fi, f,...) : @ — R is such that for any i € N

fi(x) >0 foreach x € Q; :={x = (x1,x,...) € Q; xi = —L},
fi(x) <0 for each x € QF := {x = (x1,%,...) € Q; xi = L},

then there exists at least one point x. € Q such that f(x.) = 0.
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

Consider the following nonlinear process

{ gezkra () = (8 20 (), wi(), e (1) (I)J

wiet1(t) = £2(t, zia (£), wi(t), uksa(t))

for k e NU{0}, t € [0,a] a.e. (o > 0 is a fixed number),
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability

Consider the following nonlinear process

{ 9 Zer1(t) = F(t, zira (t), wie(t), uira(t))
wis1(t) = F2(t, zeia(t), wi(t), uksa(t))

Example

(1)J

for k e NU{0}, t € [0,a] a.e. (o > 0 is a fixed number),
with the initial conditions

z(0) = dk, k€N
{ wo(t) = h(t), t €[0,0] a.e. (2)J

where
z(t) € R, wi(t) € R, uk(t) € R,
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Consider the following nonlinear process

{ 9 Zer1(t) = F(t, zira (t), wie(t), uira(t))
wis1(t) = F2(t, zeia(t), wi(t), uksa(t))

Example

(1)J

for k e NU{0}, t € [0,a] a.e. (o > 0 is a fixed number),
with the initial conditions

z(0) = dk, k€N
{ wo(t) = h(t), t €[0,0] a.e. (2)J

where
z(t) € R, wi(t) € R, uk(t) € R,

points dix € R, k € N, and a function h: [0, ] — R are fixed initial data.
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

Consider the following nonlinear process

wiet1(t) = £2(t, zia (£), wi(t), uksa(t))

{ gezkra () = (8 20 (), wi(), e (1) (l)J

for k e NU{0}, t € [0,a] a.e. (o > 0 is a fixed number),
with the initial conditions

z(0) = dk, k€N
{ wo(t) = h(t), t €[0,qa] a.e. (Z)J
where

z(t) € R, wi(t) € R, uk(t) € R,

points dix € R, k € N, and a function h: [0, ] — R are fixed initial data.

uk(-) — a control on a pass k,
zk(+) — a trajectory on a pass k
wk(-) — an output on a pass k.
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Fix a nonempty set Q2 C R
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Fix a nonempty set Q2 C R

Assume that functions f' : [0,a] x R x R x Q — R, i = 1,2, satisfy the
condition
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Example

Nonlinear repetitive process Controllability

The Poincaré-Miranda Theorem

Fix a nonempty set Q2 C R

Assume that functions f' : [0,a] x R x R x Q — R, i = 1,2, satisfy the
condition

Ar. f'is measurable in t € [0, ], continuous in u € Q and lipschitzian in
(z,w) € R X R, i.e. there exists a constant K; > 0 such that

’fi(t,z, w,u) — fi(t,E,W, u)’ < Ki(|lz—2Z| + |w — W)

fort € [0,c] ae, z,ZER, w, wWEeR, ueQ,
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Example

Nonlinear repetitive process Controllability

The Poincaré-Miranda Theorem

Fix a nonempty set Q2 C R

Assume that functions f' : [0,a] x R x R x Q — R, i = 1,2, satisfy the
condition

Ar. f'is measurable in t € [0, ], continuous in u € Q and lipschitzian in
(z,w) € R X R, i.e. there exists a constant K; > 0 such that

’fi(t,z, w,u) — fi(t,E,W, u)’ < Ki(|lz—2Z| + |w — W)

fort € [0,c] ae, z,ZER, w, wWEeR, ueQ,

Bs1. for any measurable function u : [0, ] — Q the function (-, 0,0, u(-)) is
integrable on [0, a].
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AC([0, @], R) — the space of functions
z(-) = (z1(+), z2(:),-..) : [0,0] = R
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

AC([0, @], R) — the space of functions
z(-) = (z1(+), z2(:),-..) : [0,0] = R
such that z(-) € AC([0,a],R), i € N,
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

AC([0, @], R) — the space of functions
z() = (a(); 2(), ) : [0,a] = R
such that z(-) € AC([0,a],R), i € N,
L*([0,a],Q x Q x ...) — the space of functions
u(’) = (n(-), (), ) 1 [0,0] — QX Q x ...

such that u;(-) € L*([0,0],R), i € N.

26 /57



The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

AC([0, @], R) — the space of functions
z() = (a(); 2(), ) : [0,a] = R
such that z(-) € AC([0,a],R), i € N,
L*([0,a],Q x Q x ...) — the space of functions
u(’) = (n(-), (), ) 1 [0,0] — QX Q x ...

such that u;(-) € L*([0,0],R), i € N.

The spaces AC([0, ], R), L*([0,a], Q2 x Q x ...) will be considered with
Tikhonov topologies.
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Theorem

If the functions 1, f2 satisfy conditions Af, B, then for any initial points
di € R, i € N, measurable function h: [0,a] — R, and for any control
(v1(+), u2(+), ...) with measurable coordinate functions u; : [0,a] — Q, i €N,
repetitive process (1)-(2) has a unique solution

(Zl(')a 22(')7 ) € AC([07 a]v R)
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Theorem

If the functions 1, f2 satisfy conditions Af, B, then for any initial points
di € R, i € N, measurable function h: [0,a] — R, and for any control
(v1(+), u2(+), ...) with measurable coordinate functions u; : [0,a] — Q, i €N,
repetitive process (1)-(2) has a unique solution

(Zl(')a 22(')7 ) € AC([07 a]v R)

Moreover, if a sequence of controls (u™(-)) = (u{”(-), u{”("), ...) converges
in L1([0,0], Q2 x Q x ...) to some °(-), then z"(-) — 2°(-) in AC([0,],R)
for i € N, where (z{")(~), zé")(-), ...) is the trajectory corresponding to control
("), ui§”(), ...), n € NU{0}.
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Since the convergence with respect to norm in AC([0, a],R) implies the
pointwise one, therefore
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

Since the convergence with respect to norm in AC([0, a],R) implies the
pointwise one, therefore

Theorem

If the functions !, 2 satisfy conditions Af, By, then for any fixed initial
points d; € R, i € N, and measurable function h : [0, o] — R the mapping
@ LY([0,0], 2 x Q2 x ...) 3 u(-) = (tn(-), ("), ...)
— 2(a) = ((a), (a), ..) € R

is continuous (here z“(-) is the solution of process (1)-(2), corresponding to
control u(+)).
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Now, let us fix the controls
u() e L}([0,a], 2 x 2 x ...)

of some special form:
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Now, let us fix the controls
u() e L}([0,a], 2 x 2 x ...)

of some special form:

where u;(-) € L1([0, a], Q).

34/57



Example

The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability

Now, let us fix the controls
u() e L}([0,a], 2 x 2 x ...)

of some special form:

where u;(-) € L1([0, a], Q).
Consider the set

U={u() =32 6u"() B=(51,0,..) R} =
{u() = (Brn(-), Bawa(:), --.); B = (B, B2, .-.) € R}..
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Now, let us fix the controls
u() e L}([0,a], 2 x 2 x ...)

of some special form:

where u;(-) € L1([0, a], Q).
Consider the set

U={u() =32 6u"() B=(51,0,..) R} =
{u() = (Brn(-), Bawa(:), --.); B = (B, B2, .-.) € R}..

Let k : R — L([0, ], R) be a mapping given by
&(B1, Bz, -..) = (B (), Batz(:), --.)-
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Now, let us fix the controls
u() e L}([0,a], 2 x 2 x ...)

of some special form:

where u;(-) € L1([0, a], Q).
Consider the set

U={u() =32 6u"() B=(51,0,..) R} =
{u() = (Brn(-), Bawa(:), --.); B = (B, B2, .-.) € R}..

Let k : R — L([0, ], R) be a mapping given by
&(B1, Bz, -..) = (B (), Batz(:), --.)-

Of course, it is continuous.
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The Poin Miranda Theore

Fix an interval
P = [al7 b1] X [327 b2] X..CR
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Fix an interval
P = [al7 b1] X [327 b2] X..CR

where a; < b; for all i € N
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Fix an interval
P = [al7 b1] X [327 b2] X..CR

where a; < b; for all i € N

and assume that [a;, bi] - Q C Q for j € N.
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

Fix an interval
P = [al7 b1] X [327 b2] X..CR

where a; < b; for all i € N
and assume that [a;, bi] - Q C Q for j € N.

Consequently, the mapping ¢ = ® o (x |p) = (1, p2,...) : P =R

Gi(B1, - Bi=1, B, Bit, -..) = 211120 ()
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

Fix an interval
P = [al7 b1] X [327 b2] X..CR

where a; < b; for all i € N
and assume that [a;, bi] - Q C Q for j € N.

Consequently, the mapping ¢ = ® o (x |p) = (1, p2,...) : P =R

Gi(B1, - Bi=1, B, Bit, -..) = 211120 ()

is well-defined and continuous.
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability

Sufficient condition for the controllability

Let us assume that the functions f*, f2 satisfy conditions Ar, Ba and initial
points d; € R, i € N, and measurable function h : [0, ] — R are given.
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability

Example

Sufficient condition for the controllability

Let us assume that the functions f*, f2 satisfy conditions Ar, Ba and initial
points d; € R, i € N, and measurable function h : [0, ] — R are given.

If mi < M; for i € N, where

M; = min{gi(f1,..., Bi-1, ai, Bit+1, --.); (B1, .., Bi-1, @i, Bit1, ...) € P},
max{y;(61, ..., Bi—1, bi, Bit1, -..); (b1, -, Bi1, bi, Biy1, -..) € P},

mj
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The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

Sufficient condition for the controllability

Let us assume that the functions f*, f2 satisfy conditions Ar, Ba and initial
points d; € R, i € N, and measurable function h : [0, ] — R are given.

If mi < M; for i € N, where
M; = min{gi(f1,..., Bi-1, ai, Bit+1, --.); (B1, .., Bi-1, @i, Bit1, ...) € P},
max{i(B1, ..., Bi-1, bi, Bi+1, ...); (B4, ..., Bi-1, bi, Bit1, ...) € P},

then for any point z € [m1, Mi] X [m2, Mb] X ... C R there exist §; € [ai, bi],
i € N, such that

mj

45 /57



The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

Sufficient condition for the controllability

Let us assume that the functions f*, f2 satisfy conditions Ar, Ba and initial
points d; € R, i € N, and measurable function h : [0, ] — R are given.

If mi < M; for i € N, where
M; = min{gi(f1,..., Bi-1, ai, Bit+1, --.); (B1, .., Bi-1, @i, Bit1, ...) € P},
max{i(B1, ..., Bi-1, bi, Bi+1, ...); (B4, ..., Bi-1, bi, Bit1, ...) € P},

then for any point z € [m1, Mi] X [m2, Mb] X ... C R there exist §; € [ai, bi],
i € N, such that

mj

Z(Brn (), B2ua(- (a) =5
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Miranda Theorem Nonlinear repetitive process Controllability Example

2210 (t) = ziga () — wi(t) - uia(t)
wit1(t) = zipa(t)
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wit1(t) = zipa(t)

{ s zi1(t) = ziva(t) — wi(t) - uia(t) J

z(0)=1, ieN
{ wo(t) =0, t € [0,a] a.e. J
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wit1(t) = zipa(t)

{ s zi1(t) = ziva(t) — wi(t) - uia(t) J

Z;(O) =1,ieN
{ wo(t) =0, t €[0,0] ae. J

Q=[-1,1],
P=[-1,1] x[-1,1]] x..C R

Let
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{ s zi1(t) = ziva(t) — wi(t) - uia(t) J

wit1(t) = zipa(t)

z(0)=1, ieN
{ wo(t) =0, t € [0,a] a.e. J

Q=[-1,1],
P=[-1,1] x[-1,1]] x..C R

Let

and fix the functions
u:[0,1]5t—1€Q

for i € N.

50 /57



The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

In our case
(ﬂlul(')7ﬁ2u2(')7 ) = (Bhﬁ% )

and

©i(Bry oy Bie1, Biy B, ) = zgﬁlul(‘)»ﬁzuz(');-~~)(1) — Z'(51152v-~-)(1) _ z‘(ﬁlw»ﬂi)(l)

for i € N.
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M; = min{i(B1, .., Bi1, —1, Bit1, )i (B, ., Bic1, —1, Bis1, ...) € P}
= min{z"" PN 1); (B, ., Biia, —1) € [-1,1] X ... x [<1,1]}
>e(4— ZL_:})%) >e(d—e)>e(-2+e)>e(—2+ Z'k_:t%
> max{z"" PN 1): (B, ., Bii1, 1) € [-1,1] X . x [=1,1]}
= max{pi(61, ..., Bi-1,1, Bit+1, ...); (B1, ..., Bi-1,1, Bix1, ...) € P} = m;

for i > 2.
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M; = min{i(B1, .., Bi1, —1, Bit1, )i (B, ., Bic1, —1, Bis1, ...) € P}
= min{z"" PN 1); (B, ., Biia, —1) € [-1,1] X ... x [<1,1]}
>e(4— ZL_:})%) >e(d—e)>e(-2+e)>e(—2+ Z'k_:t%
> max{z"" PN 1): (B, ., Bii1, 1) € [-1,1] X . x [=1,1]}
= max{pi(61, ..., Bi-1,1, Bit+1, ...); (B1, ..., Bi-1,1, Bix1, ...) € P} = m;

for i > 2.

M1 = ma.
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Thus, the sufficient condition implies that for any point
S [m1, Ml] X [mg, MQ] X..CR

there exist §; € [-1,1], i € N,
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Thus, the sufficient condition implies that for any point
S [m1, Ml] X [mg, MQ] X..CR

there exist §; € [-1,1], i € N,
such that
2(31,3214-4)(1) =z

55 /57



The Poincaré-Miranda Theorem Nonlinear repetitive process Controllability Example

Thus, the sufficient condition implies that for any point
S [m1, Ml] X [mg, MQ] X..CR

there exist §; € [-1,1], i € N,
such that
2(31,3214-4)(1) =z

In particular, any point
z=(z1,2,23,...) € [e,e] X [e(—2+ e),e(4 —€)] x [e(—2+ €),e(4—€)] x ...

has the above property.
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Thank you for your attention )
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