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Problem Formulation: The FM Model

Consider the Fornasini-Marchesini Model

ERRRRRRRRR AR VAN ROARRRRN (ZA\\hat
Xir1,j+1 = AL Xi+1,i T A X1+ By jWisa,j + By g Wi j1a
Yi,j = CijXi,j +Vi,j

where for all I, |
® X < C"isthe local state;
® Yy j € CPisthe measurement vector;

® wj€C"and v e CP are the plant and measurement
noises.
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Problem Formulation: The FM Model

Consider the Fornasini-Marchesini Model
1 2 1 2
X LIS Ai(+)1, RARRH T Aw(, j)+1 X Bi(+)1, jWitg,j T+ Bi(, j)+1Wi,j+1
Yi,j =GCijXi,j+ Vi j

Boundary conditions:
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Problem Formulation:

Assumptions

The boundary conditions x; o, Xo.j and the noises w; j, Vi ;

are assumed to be zero mean random variables with

X0,j | | o] |

where

Ok =

_[Qi,j S,

_Wiaj_ _Wk7|_ & k6| O
vig | [ |\ (LSRG
X0 7| %o | [ [ﬂi 0%k O ]
O b} )

0 Tlojoj,

/

1 ifi=Kk

\
0 if i#£k

\

Itis assumed that R j = R; > Ofor all i and J.
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Problem Formulation

Given the measurements

{yk,| e Cp\0§ (k1) < (1,])}

find an estimation X j of X ; with X, o = 0 and X = 0O, such
that

E{X %}
IS minimised, where X; j := X j — X; j represents the
estimation error.
- (k1)
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A Least-Mean-Squares Approach to Kalman Filtering

The local state of the least-mean-square estimator which
minimises (X j, X j), IS
Xij = S (X8 (8l el) e

(0,0)<(k,1)<(i,})

where
el = Ykl — G Xk

IS the estimation error.




A Least-Mean-Squares Approach to Kalman Filtering

O

The 2-D filter ruled by

N RN 2N\

Xi+1,j+1 = Ai(+)1,j Xi+1,j +Ai(7j)+1xi,j+1

J i
(1) (2) .
+|Zo Ki+1,j+1;l i1 + kzo Ki+1,j+1;kekvl+1
&, = ¥i,j —GijXi;

with boundary conditions X o = 0 and Xp x = O minimises

RLi= K Xg) = ) — XX, =X j)




A Least-Mean-Squares Approach to Kalman Filtering

O

The 2-D filter ruled by
A RN 2\
Xi+1,j+1 = Ai(+)1,j Xi+1,j +Ai(7j)+1xi,j+1

J i
(1) (2) |
T Izo Ki+1,j+1;l Ci+1) T kzo Ki+1,j+1;k Sk, j+1

e, = VYij—GijX,j

(i+1,j+1)




Gain Matrices of the 2-D Kalman Filter

By defining Ti j :=GC; jR ;G + Ri j, the gains of the filter
Xit1j+1 = Ai(i)l,j Xit1,] —|-Ai(,2j)+1>A<i,j+1
J |
T IZOK&)L j+11 841l T kZOKi(f)l, i+1k & j+1
e, = Yi.j—GijX,]
can be expressed as
(A1 R20) gy Ay Ry Gl )Ty 1=

1
Ki<+>1,j+1;| = 9

2 9 . \ :
\ Ai(,j)—|-1<xi,j+laxi+l,l>C’H_17| Ti+il | =0,---,]—1

(
(1) . A * (2) _ N 1 W\
(2) (Ai+1,j Xi11,j5%,j+1) G 1 TA a1 F’.,J+1Ci,j+l) Toiha k=i;
Kit1, 11 =

(1) . YA * -1 \ :
L Ai+1,j<XI+1,J7Xk,1+1>Ck,j+1Tk,j+1 k=0,---,i—1.
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Gain Matrices: Result 1

In the FM model, the state X; j can be written as

Xij= Z Dj j:k0Xk, 0T ZCDHOIXOI"‘kZOlZ Wi k| Wi
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Gain Matrices: Result 2

The local state estimation error can be written as

J

i
%ij = O GijogXgt Z Oi,j;p,0Xp,0

=1 =

|
+> Z—lqu pq+z ZAIJPCI X
p=0qg=0 p=0q9g=0
j Wp,q
X,
Xo.q o .
9 X O
; / P,
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Gain Matrices: Result 3

We can write the products

)
2 . g X (1) o o _
<« (Ai,j+1<xw+laxl+l>l>C|+1,| AL PI+1>JCi+1,j>Ti+1,| =]
i+1,j+1) =
2 . 3 \ :
\ Ai(aj)+1<xi’j+l’xi+l’|>Ci+1,| Ti—|—}.,| | = 07 A J_l
[ (@ @) \ .
@ (Ai+1,j 255 R 410G HA 'Dl,j+1cf':j+1> T k=10
i+1,j+1k —
1 3 C
\ Ai(+)1,j <Xi+1,j»Xk7j+1>C§,j+1Tk,j1+1 k=0,---,i—1

as follows:
i
X j+1:%41) = ) Pijr1p0oMpo©iigpot
p=1

o
+ > > Wijt1paQoaSitay

*
> Pii+1:04M0.4 1104
=i

|
Bt

- - *
Z)%,Hl;p,qsp,q i+1:p.q-
q:
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Gain Matrices: Result 3

Likewise, we can write the products

)
2 v % 1 * -1 .
K(l) N (Ai(yj)_l_l<xi,j+laxi+l,|>Ci_|_l’| +A|(-|—)17J F)I+l,j Ci+1,j>-|-i+1,| I — J
i+1j+1;1 —
2 9 B\ \ :
\ Ai(aj)+1<xi’j+l’xi+l’|>Ci+1,| Ti—|—%.,| | = 07 A J_l
r (1) (2) 1 _
K2 .= (Am’j<Xi+1’j’Xk’j+1>cﬁj+1+/¥,j+1 F’u,j+1Cifj+1> T k=1
I+1,j+1k —
1 S ) N .
\ Ai(+)1,j (Xi+1,) ’kaj+1>ck,j+lTk,j1+1 k=0,---,i—1.
as follows:
K j

~ * *
X1, R j+1) = D PirajipoMpoOijrrpot D Pitji0aMogCkjr10q
p=1 d=1

k ] k ]

ADH = N K
+ > > Yit1jipaQpaZkjtipagt D Z)w'“’“p’q >alkji1pa
p=00=

p=00=
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Gain Matrices: Result 4

Matrix B j can be computed as

j—1
I:)|,j = (Z@|10qﬂ0q¢|*, 10q‘|‘ ZGIJDOHPOCDIJ —1;p,0
0=

+ Z Z =i,j;p.a Qp.a + i j:p.aSp.a) i*,j—l;p,q) (Ai(,lj)_l)*

p=0qg=0
1—1

(Z @|Joq|_|oqC|)|* 1]0q+ Z O W ponp,0¢| 1,j:p,0

+ Z Z Zi.i;p.9Qp.a i, j;p.aSpa) Ek—l,j;p,q)(Ai(E)l,j)*

p=0qg=0
1 2 *
JrBi,j—1Qi,j—1(|3i(,j)—1) +Bi—1,jQi—1,j(Bi(—)1,j) :
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A Simplified Filter

Consider the filter

o W\ 1 o . (2) o (1) _ (2) :
Xirlj+1 = A X FA X+ TR 8 K 1 842

e; = VYij—G X

with boundary conditions X, o = 0 and X = O, where

(1) _(A@) . ow \CF (1) o ~1
Ki+1,j+1;j ~ (Ai,j+1<xl,1+1yxl+l,1> i+1,j+Ai+1,jP|+1,J i+1,j>Ti+1,j
(2) (A x (2) O ~1
Kissjai = (Ai+1,j<X'+1aJ’X"J+1>Ci,1'+1+'A‘i,j+1p"1+1ci»i+1>-ri,i+1

The difference lies in the structure of the filter, and

iImplicitly in the computation of the matrices ©; j:p.q, =i j:p.q
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An Example

Consider a FM model where

» A7 =03+0.15in(0.01i%+0.01j?),

Ai(,zj) — —0.25,
B'" =2, B/Y = ~0.1sin(0.01j),
Ci,j = 0.2;

# the boundary conditions X g and Xg,j, and the noises
wi j and v; j are assumed to be zero mean random
variables with convariance matrices
Qi.j=001S ;=0 R, ;=006
[Mio=0.5and g =0.5.
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An Example

Local state x; j:
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Comparison with the simplified filter

The simplified filter is compared against the 2-D Kalman
filter.

e B j: variance of the error of the 2-D Kalman filter;
e P';: variance of the error of the simplified filter.

The figure below shows the difference B'; — R ;. Obviously
F'; is greater than R j.




Concluding Remarks

ce

# The filter that generates the best estimate of the local
state (in the sense of the Least-Means-Squares) Is
not governed by a Fornasini-Marchesini model;

® Optimality Is guaranteed in a necessary and sufficient
sense;

® The size of the recursion increases as the index
evolves away from the boundary;

#® Persistence is necessary to obtain computationally
tractable expressions for the gains of the filter.




Future Works

Future investigations include:

# friendlier expressions for the gain matrices of the
optimal filter;

# a shift-invariant version of the optimal filter;

#® a comparison between the efficiency of the simplified
filter against the optimal one;

#® a comparison between the optimal filter and the
suboptimal ones proposed in the literature.
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