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Motivations .

Where does the need to develop
geometric methods for 2-D systems originate?

# Insight into many system-theoretic properties of linear
systems (invariant zeros, left and right invertibility,
relative degree, etc.)

#® Simple solutions to problems that are very hard to
solve otherwise (disturbance decoupling, full
iInformation control, unknown-input observation,
singular/cheap LQ problems, non-interaction, etc.)
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Motivation: Disturbance Decoupling Problems

Controlled Invariance is the key tool to solve Disturbance

Decoupling Problems:

#® Decoupling of non-measured disturbances:
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#® Decoupling of measurable disturbances:
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Motivation: Disturbance Decoupling Problems

Controlled Invariance is the key tool to solve Disturbance
Decoupling Problems:

® Full Information for measurable disturbaces:
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# Full Information for previewed disturbances:

d

O]




Motivation: Tracking Problems

Controlled Invariance is the key tool to solve Model

Matching Problems:

#® Model Matching (Feedforward Scheme):
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#® Model Matching (Feedback Scheme):
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Motivation: Unknown-Input Observation Problem

Conditioned Invariance is the key tool to solve
Unknown-Input Observation Problems:

#® Unknown-Input Observer:
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#® Fixed-Lag Smoothing:
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1-D Controlled Invariants (Basile & Marro, 1969) .

For 1-D system (A,B,C,D):

#® Controlled Invariant Subspaces:

AY C ¥ +IimB




1-D Controlled Invariants (Basile & Marro, 1969) .

For 1-D system (A,B,C,D):

#® Controlled Invariant Subspaces:

AY C ¥ +IimB

#® Output-Nulling Subspaces:

[(ﬂ ¥ C (¥ x {0}) +im m




1-D Conditioned Invariants (Basile & Marro, 1969),

For 1-D systems (A,B,C,D):

# Conditioned Invariant Subspaces:

A(.¥NkerC) C.¥




1-D Conditioned Invariants (Basile & Marro, 1969),

For 1-D systems (A,B,C,D):

# Conditioned Invariant Subspaces:

A(.¥NkerC) C.¥

# Input-Containing Subspaces:

[A B](& xR"nker[C D]) C.¥




Duality

The dual of the quadruple (A,B,C,D)is (A",C',B",D").
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Duality

The dual of the quadruple (A,B,C,D)is (A",C',B",D").
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Duality

The dual of the quadruple (A,B,C,D)is (A",C',B",D").
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Duality

® Controlled and Conditioned Invariants are dual
concepts:

¥ is Controlled Invariant for X iff ¥+ is
Conditioned Invariant for X '.




Duality

® Controlled and Conditioned Invariants are dual
concepts:

¥ is Controlled Invariant for X iff ¥+ is
Conditioned Invariant for X '.

#® Output-Nulling and Input-Containing Subspaces are
dual concepts:

¥ is Output-Nulling for X iff 7+ is Input-
Containing for = '.




Fornasini-M archesini M odels

The Kurek form of a 2-D Fornasini-Marchesini model is

.
Xit+1,j+1 = AoXi,j +A1Xi+1j +A2X j+1

\ +BoUi j +BiUiy1j+BoUj ji1
Yi,j = CXij+Dui




Fornasini-M archesini M odels

The Kurek form of a 2-D Fornasini-Marchesini model is

.
Xit+1,j+1 = AoXi,j +A1Xi+1j +A2X j+1
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Boundary Conditions:
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Fornasini-M archesini M odels

The Kurek form of a 2-D Fornasini-Marchesini model is

.
Xit+1,j+1 = AoXi,j +A1Xi+1j +A2X j+1

\ +BoUi j +BiUiy1j+BoUj ji1

¥i,j = CXi,j+Dui

2-D Controlled Invariant Subspaces:

A Bo
Ay ”Vg(”ﬂx"//x”//)Jrim[Bl],
| A2 | B>

(Conte & Perdon, 1988).




Fornasini-M archesini M odels

The Kurek form of a 2-D Fornasini-Marchesini model is

.
Xit+1,j+1 = AoXi,j +A1Xi+1j +A2X j+1

\ +BoUi j +BiUiy1j+BoUj ji1

¥i,j = CXi,j+Dui

Notation: Given matrices Mg, M1 , My:

Mo MO O
MV: M1 , MH:[MOMlMZ], MD: OMO|.
M, OO0OM

Hence, 7 iIs controlled invariant if A, 7 C ¥; +1mB,, where
VoEV XYV XYV




Synopsisfor Controlled Invariance

® A 1-D Controlled Invariant is a subspace 7 s.t.

A7 C 7 +ImB

® A 2-D Controlled Invariant is a subspace 7 s.t.

AV C Yo +1ImB,

® A 1-D Output-Nulling subspace 7 is s.t.

[é} ¥ C (¥ x {0}) +im [g}

#® A 2-D Output-Nulling subspace 7 Is s.t.

A (o x o)) +im |¥]




Duals of Fornasini-M archesini Models

For the special FM models

)
Xi+1,j+1 = AoXij FALXi+1j+AxXi j+1+ Bl

¥i,j = CXi,j+Dui




Duals of Fornasini-M archesini Models

For the special FM models

)
Xi+1,j+1 = AoXij FALXi+1j+AxXi j+1+ Bl

¥i,j = CXi,j+Dui

and

;
Xir1,j+1 = ArXit1,j+A2X j+1+Bauiryj+Bauijra

\ Yi,j = CiXiy1,j +CoXijr1+Daliy1j+DaUijia

a dual can be easily defined (see Karamancioglu and
Lewis, 1992).




Synopsisfor Conditioned I nvariance

® A 1-D Conditioned Invariant is a subspace . s.t.

A NkerC) C.¥

#® A 2-D Conditioned Invariant is a subspace . s.t.

A, (S NnkerCy) C .7

#® A 1-D Input-Containing subspace .¥ IS S.t.

[A B](xR™nker[C D]) C.¥

#® A 2-D Input-Containing subspace . Is s.t.

[Ay Byl (%% xR3Mnker[C, Dp]) C .7




Controlled Invariant Subspaces. I nterpretation

ce

The subspace ¥ C R" is controlled invariant if

AV C 5 +1mBy




Controlled Invariant Subspaces. I nterpretation

ce

The subspace ¥ C R" is controlled invariant if

AV C 5 +1mBy

A controlled invariant 7 is such that the FM model admits
a solution in x; j € ¥ for any ¥ -valued boundary condition:

XijeV V(,]))eB = 3TJuj: Xje¥ Vi,j>0
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Controlled Invariant Subspaces. I nterpretation

ce

The subspace ¥ C R" is controlled invariant if

AV C 5 +1mBy

A controlled invariant 7 is such that the FM model admits
a solution in x; j € ¥ for any ¥ -valued boundary condition:

XijeV V(,]))eB = 3TJuj: Xje¥ Vi,j>0

Such control u; j can always be expressed as

Ui,j = FXij

1O|® @]



Output-Nulling Subspaces: Interpretation

The subspace ¥ C R" is output-nulling if

[‘(\:V} ¥ C (% x {0}) +im [BDV}




Output-Nulling Subspaces: Interpretation

The subspace ¥ C R" is output-nulling if

[’EV} ¥ C (% x {0}) +im [BDV}

An output-nulling 7 Is such that the FM model admits a
solution in x; j € ¥ for any ¥ -valued boundary condition
and the corresponding output is zero:

Xij€VV(i,])eB = Jujj: xje¥andyj=0Vi,j >0




Output-Nulling Subspaces: Interpretation

The subspace ¥ C R" is output-nulling if

[’g} ¥ C (% x {0}) +im [BDV}

An output-nulling 7 Is such that the FM model admits a
solution in x; j € ¥ for any ¥ -valued boundary condition
and the corresponding output is zero:

Xij€VV(i,])eB = Jujj: xje¥andyj=0Vi,j >0

Such control u; j can always be expressed as

Uij = FXi




Controlled I nvariance and Local State Feedback

ce

Plugging u; j = F X j into the FM model and after a change
of coordinates with T = [Ty To| with im Ty = 7/, we get

] [&‘,j] \ 'A%l(F)A%Z(F)] [m]
X/ i) L 0 AP(F)] [Xiay

i+1,j+1

[xf+1,,-+1] \ [Aél(F) Ay’




Controlled I nvariance and Local State Feedback

ce

Plugging u; j = F X j into the FM model and after a change
of coordinates with T = [Ty To| with im Ty = 7/, we get

[Xi'+1,j+1] \ [Aél(F) A’ ] [X{,J':| N _A%l(F)A%Z(F)] [Xi'+1,J]
X/ i) L 0 AP(F)] [Xiay

i+1,j+1

® X ; is the internal component of X ; on 7;

® x/; is the external component of x; j w.r.t. 7.

Problem: Find a friend of ¥ such that the internal and
external components of the local state are both stable.
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Controlled Invariance and L ocal State Feedback |

Plugging u; j = F X j into the FM model and after a change
of coordinates with T = [Ty To| with im Ty = 7/, we get

X | +_A%1(F)A%2(F) X1,
d )T L o A ] K

i+1,j+1

[xf+1,,-+1] \ [Aél(F) Ay’

® If 3F such that (Agl(F),Ail(F),Ail(F)) is asympt.
stable, 7 is said to be internally stabilisable;

# If 3F such that (A%Z(F),A%Z(F),AEZ(F)) is asympt.
stable, 7 is said to be externally stabilisable.




Controlled I nvariance and Local State Feedback

ce

Consider again

X111 AG'(F)
|+1H1 0

(ALL(F) Al2(F)

0 AP*(F)

] [%+lj
X1,

|




Controlled I nvariance and Local State Feedback

ce

Consider again

o) = 15 ) b L i
/! A(z) (F) /! \ /!

X141 0 AEZ(F) Xit+1,]

/!
RSN

4 {A%lm A%ZEF)] LI

Given 7, there are many friends F. How to select those F
for which

» (AY(F), A (F), A3 (F)) is asympt. stable?
® (A5(F), AZ%(F), As%(F)) is asympt. stable?




Controlled I nvariance and Local State Feedback

ce

Let V be a basis of 7. The following are equivalent:

- The subspace 7 Is controlled invariant:

AV C ¥ +1ImB,
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Controlled I nvariance and Local State Feedback

ce

Let V be a basis of 7. The following are equivalent:

- The subspace 7 Is controlled invariant:
AV C ¥ +1ImB,
- X, Q such that

A\/V :VDX—|—B\/Q

1O|® @




Controlled I nvariance and Local State Feedback

ce

Let V be a basis of 7. The following are equivalent:

- The subspace 7 is controlled invariant:
AV C Y5 +IimB,
- X, Q such that
AV =V X+B,Q
- dF, X such that
(A +ByF)V =\, X

- 7' is (Aj+ BjF)-invariant (i € {0,1,2}).
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Controlled I nvariance and Local State Feedback

ce

In order to find F:

m — [V, By]TA/V +H1K; where imH; = ker[Vp By ]




Controlled I nvariance and Local State Feedback

ce

In order to find F:

m — [V, By]TA/V +H1K; where imH; = ker[Vp By ]

b) Let F be such that Q = —F V.
F=—QV'V)"'W' +KoH,, where keH, =imV

\

Two degrees of freedom in the choice of F: matrices K;
and Ko.




Controlled I nvariance and Local State Feedback

ce

Consider again

/!
Xit1j+1

[A%l(Kl,Kz> AF%(K1,Ko

)| %
0 A32(Kq,Ko) | | X

[Xi/+1,j+1] A [A%l(Kl,Kz)A%Z(Kl,Kz)J |:Xi/,j]_|_|i
0 AP(KiKz) | |X]

i1

./.
)+1

ATt (K1,K2) AT%(K1,K2)

|

0

AZ2(Kq,K2)

I
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Controlled I nvariance and Local State Feedback

ce

Consider again

Xpnjra| | AGH(KLK2) AGP(K1K) | X 4 AT (K1,K2) ATA(K1,Ka) | [X4a,
! 0  AF(Ki.Ka) || X 0  AZA(KyK) | [Xha

X
4 ASL(Ky,K2) AT2(Kq,Ko) | [Xjaa
0 A32(Kq,K2)

i+1,j+1

Xi’fj+1
® matrices AM(Ky,Kz) do not depend on K;

® matrices A??(K1,K5) do not depend on K;

4

Two independent procedures to find K; and Ko.




| nput-Containing Subspaces:. I nterpretation

The subspace . C R" is input-containing if

[Ay By (S xR3Mnker[C, Dp]) € .7




| nput-Containing Subspaces:. I nterpretation .

The subspace . C R" is input-containing if

Ay Byl (%% xR3Mnker[C, Dpl) C .7

An Input-containing . Is such that an observer for the
FM ruled by

Wiljr1 = Ko j+Kiwirj+Koajra+NoUij+NpUipq
+NoUi j11+Loyi,j+LaYitej+LaVij+1

exists such that

Wwj=X%j/LV(i])e€B = wj=X;j/7 Vi,j=0




| nput-Containing Subspaces and Output Injection ,

O

It can be shown that input-containing subspaces are linked
to the existence of output-injection matrices G such that

{AHJrGCD B, + GDp } (ﬂDxR%) C .

The notion of external stabilisability of an input-containing
subspace can lead to a definition of detectability subspace.

Given a detectability subspace ., we can construct an
observer such that w j converges to x; /. as (i, ] ) evolves
away from ‘B.




Concluding remarks and future works

Concluding remarks:

® Notions of 2-D controlled and conditioned invariance
with stabilisablility properties;

# Simple (constructive) solutions to disturbance
decoupling and unknown-input observation problems.

Future work:

#® Reachability subspaces and invariant zeros;

#® Geometric solution to singular LQ problems.
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